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Problem T-1

Bob has n coins with integer values
c1=c > 2¢,>0.

He is standing in front of a vending machine that offers n candy bars with positive integer costs
b1,ba,...,b,. Bob notices that for every ¢ € {1,...,n}, it holds that

bi+bo+---+b>c1+co+--+a.

Furthermore, the total value of Bob’s coins equals the sum of the costs of all the candy bars.
The candy bars can be purchased in any order. In order to buy the i-th candy bar, Bob has to
insert coins of total value at least b;. However, the machine does not give him back any change.

Prove that Bob can buy at least half of the candy bars.

Problem T-—2

Let RT be the set of positive real numbers. Determine all functions f: R™ — R such that for
all numbers z,y € R, we have

fley) + f(x) = f)f(zf(y) + flx)fy),

and there exists at most one number a € RT such that f(a) = 1.

Problem T-3

A snake in an n x n grid is a path composed of straight line seg-
ments between centres of adjacent cells, going through the centres
of all the n? grid cells, which visits each cell exactly once. Here
two grid cells are considered to be adjacent if they share an edge. T_
Note that all pieces of the snake path are parallel to grid lines. —a L
The figure shows an example of a snake in a 4 x 4 grid. This snake
makes nine 90° turns, marked by small black squares.

|

Let us now consider a snake through the 2025 cells of a 45 x 45 grid. What is the maximum
possible number of 90° turns that such a snake can make?

Problem T4

Let n be a positive integer. In the province of Laplandia there are 100n cities, each two connected
by a direct road, and each of these roads has a toll station collecting a positive amount of toll
revenue. For each road, the revenue of its toll station is split equally between the two cities at
the ends of the road (meaning that each of the two cities receives half of the income). For each
city, the total toll revenue is given by the sum of the revenues it receives from the 100n — 1 toll
stations on its roads.

According to a new law, the revenues of some of the toll stations will be collected by the federal
government instead of by the adjacent cities. The governor of Laplandia is allowed to choose
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those toll stations. The mayors of the cities demand that for each city, the sum of the remaining
revenues it receives from the other toll stations after this change is at least 99% of its former
total toll revenue.

Find the largest positive integer k, depending on n, such that the governor can always choose k
toll stations for the federal government to collect the toll revenue, while satisfying the demand
of the city mayors.

Problem T-5

Let ABC be an acute triangle with AB < AC. Denote by D the foot of the perpendicular from
A to BC. Let E be the point such that ABEC' is a parallelogram. Let M be a point inside
triangle ABC such that M B = MC'. Let F be the reflection of point D across the tangent to
the circumcircle of triangle ADM at point M. Prove that AF = DE.

Problem T—6

Let ABC be an acute triangle with an interior point D such that /BDC = 180° — Z/BAC. The
lines BD and AC' intersect at the point F, and the lines C'D and AB intersect at the point F.
The points P # E and @ # F lie on the line EF so that BP = BE and CQ = CF. Assume
that the segments AP and AQ intersect the circumcircle w of ABC' at the points R # A and
S # A, respectively. Prove that the lines RF' and SFE intersect on w.

Problem T-7

Let n be a positive integer such that the sum of positive divisors of n? +n + 1 is divisible by 3.
Prove that it is possible to partition the set of positive divisors of n? +mn 4+ 1 into three sets such
that the product of all elements in each set is the same.

Problem T-8

Determine whether the following statement is true for every polynomial P of degree at least 2
with nonnegative integer coefficients:

There exists a positive integer m such that for infinitely many positive integers n the num-
ber P™(m) has more than n distinct positive divisors.

Remark. Here P" denotes P applied n times, this means P"(z) = P(P(...P(z)...)).
—_——

n times
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